We study the transition from inspiral to plunge in general relativity by computing gravitational waveforms of non-spinning, equal-mass black-hole binaries. We consider three sequences of simulations, starting with a quasi-circular inspiral completing 1.5, 2.3 and 9.6 orbits, respectively, prior to coalescence of the holes. For each sequence, the binding energy of the system is kept constant and the orbital angular momentum is progressively reduced, producing orbits of increasing eccentricity and eventually a head-on collision. We analyze in detail the radiation of energy and angular momentum in gravitational waves, the contribution of different multipolar components and the final spin of the remnant, comparing numerical predictions with the post-Newtonian approximation and with extrapolations of point-particle results. We find that the motion transitions from inspiral to plunge when the orbital angular momentum L = Lcrit ≃ 0.8M 2 . For L < Lcrit the radiated energy drops very rapidly. Orbits with L ≃ Lcrit produce our largest dimensionless Kerr parameter for the remnant, j = J/M 2 ≃ 0.724 ± 0.13 (to be compared with the Kerr parameter j ≃ 0.69 resulting from quasi-circular inspirals). This value is in good agreement with the value of 0.72 reported in [1] . These conclusions are quite insensitive to the initial separation of the holes, and they can be understood by extrapolating point particle results. Generalizing a model recently proposed by Buonanno, Kidder and Lehner [2] to eccentric binaries, we conjecture that (1) j ≃ 0.724 is close to the maximal Kerr parameter that can be obtained by any merger of non-spinning holes, and (2) no binary merger (even if the binary members are extremal Kerr black holes with spins aligned to the orbital angular momentum, and the inspiral is highly eccentric) can violate the cosmic censorship conjecture.
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I. INTRODUCTION
The research area of gravitational wave (GW) physics has reached a very exciting stage, both experimentally and theoretically. Earth-based laser-interferometric detectors, including LIGO [3] , GEO600 [4] and TAMA [5] , are collecting data at design sensitivity, searching for GWs in the frequency range ∼ 10 − 10 3 Hz. VIRGO [6] should reach design sensitivity within one year, and the space-based interferometer LISA is expected to open an observational window at low frequencies (∼ 10 −4 − 10 −1 Hz) within the next decade [7] . The last two years have also seen a remarkable breakthrough in the simulation of the strongest expected GW sources, the inspiral and coalescence of black-hole binaries [8, 9, 10] . Several groups have now generated independent numerical codes for such simulations [11, 12, 13, 14, 15, 16, 17, 18, 19] and studied various aspects of binary black hole mergers. In the context of analyzing the resulting gravitational waveforms, these include in particular the comparisons of numerical results with post-Newtonian (PN) predictions [20, 21, 22, 23, 24, 25] , multipolar analyses of the emitted radiation [23, 24, 26] , the use of numerical waveforms in data analysis [27, 28, 29, 30] and gravitational wave emission from systems of three black holes [31] .
Despite this progress, a comprehensive analysis of binary black hole inspirals remains a daunting task, mainly because of the large dimensionality of the parameter space. In geometrical units, the total mass of the binary is just an overall scale factor. The source parameters to be explored by numerical simulations (sometimes called "intrinsic" parameters in the GW data analysis literature) include the mass ratio q = M 2 /M 1 , the eccentricity e of the orbit and six parameters for the magnitude of the individual black hole spins and their direction with respect to the binary's orbital angular momentum.
In this paper we present results from numerical simulations of non-spinning, equal-mass black-hole binaries, and we focus on the effect of the orbital eccentricity on the merger waveforms. We consider three sequences, starting with quasi-circular inspirals that complete ∼ 1.5, ∼ 2.3 and ∼ 9.6 orbits, respectively, prior to coalescence of the holes. By fixing the binding energy of the system and progressively reducing the orbital angular momentum, we produce a sequence of orbits of increasing eccentricity and eventually a head-on collision. For each of these simulations we analyze in detail the radiation of energy and angular momentum in GWs, the contribution of different multipolar components and the final spin of the remnant, comparing numerical predictions with the PN approximation and with extrapolations of point-particle results.
Non-eccentric inspirals are usually considered the most interesting cases for GW detection. For an isolated binary evolving under the effect of gravitational radiation reaction, the eccentricity decreases by roughly a factor of 3 when the orbital semimajor axis is halved [32] . For most conceivable formation mechanisms of solar-mass black hole binaries, the orbit will usually be circular by the time the GW signal enters the best-sensitivity bandwidth of Earthbased interferometers. However, we wish to stress that our simulations could be of interest for GW detection. For example, according to some astrophysical scenarios, eccentric binaries may be potential GW sources for Earth-based detectors. In globular clusters, the inner binaries of hierarchical triplets undergoing Kozai oscillations can merge under gravitational radiation reaction, and ∼ 30% of these systems can have eccentricity ∼ 0.1 when GWs enter the detectors' most sensitive bandwidth at ∼ 10 Hz [33] . Massive black hole binaries to be observed by LISA could also have significant eccentricity in the last year of inspiral. Recent simulations using smoothed particle hydrodynamics follow the dynamics of binary black holes in massive, rotationally supported circumnuclear discs [34, 35, 36] . In these simulations, a primary black hole is placed at the center of the disc and a secondary black hole is set initially on an eccentric orbit in the disc plane. By using the particle splitting technique, the most recent simulations follow the binary's orbital decay down to distances ∼ 0.1 pc. Dynamical friction is found to circularize the orbit if the binary corotates with the disc [35] . However, if the orbit is counterrotating with the disc the initial eccentricity does not seem to decrease, and black holes may still enter the GW emission phase with high eccentricity [34] .
Complementary studies show that eccentricity evolution may still occur in later stages of the binary's life, because of close encounters with single stars and/or gas-dynamical processes. Three-body encounters with background stars have been studied mainly in spherical backgrounds. These studies find that stellar dynamical hardening can lead to an increase of the eccentricity, acting against the circularization driven by the large-scale action of the gaseous and/or stellar disc, possibly leaving the binary with non-zero eccentricity when gravitational radiation reaction becomes dominant [37, 38, 39, 40, 41] . It has also been suggested that the gravitational interaction of a binary with a circumbinary gas disc could increase the binary's eccentricity. The transition between disc-driven and GW-driven inspiral can occur at small enough radii that a small but significant eccentricity survives, typical values being e ∼ 0.02 (with a lower limit e ≃ 0.01) one year prior to merger (cf. Fig. 5 of [42] ). If the binary has an "extreme" mass ratio q 0.02 the residual eccentricity predicted by this scenario can be considerably larger, e 0.1. Numerical simulations should be able to test these predictions in the near future. As shown by Sopuerta, Yunes and Laguna, eccentricity could significantly increase the recoil velocity resulting from the merger of non-spinning black-hole binaries [43] .
Independently of the presence of eccentricity in astrophysical binary mergers, the problem we consider here has considerable theoretical interest. Our simulations explore the transition between gravitational radiation from a quasicircular inspiral (the expected final outcome in most astrophysical scenarios) and the radiation emitted by a head-on collision, where the binary has maximal symmetry. Our work should provide some guidance for analytical studies of the "transition from inspiral to plunge". The first analytical study of this problem in the context of PN theory was carried out by Kidder, Will and Wiseman [44] . The transition between the adiabatic phase and the plunge was studied in [45] using nonperturbative resummed estimates of the damping and conservative parts of the two-body dynamics, i.e. the so-called "Effective One Body" (EOB) model. Ori and Thorne [46] provided a semi-analytical treatment of the transition in the extreme mass ratio limit. Waveforms comprising inspiral, merger and ringdown for comparable-mass bodies have also been produced using the EOB model (see eg. [47] for extensions of the original model to spinning binaries and for references to previous work). Preliminary comparisons of EOB and numerical relativity waveforms showed that improved models of ringdown excitation [23, 28, 48] or additional phenomenological terms in the EOB effective potential [49] are needed to achieve acceptable phase differences between the numerical and analytical waveforms.
Our study is complementary to Ref. [50] , that considered sequences of eccentric, equal-mass, non-spinning binary black hole evolutions around the "threshold of immediate merger": a region of parameter space separating binaries that quickly merge to form a final Kerr black hole from those that do not merge in a short time. Similar scenarios have also been studied in Ref. [51] , with particular regard to the maximal spin of the final hole generated in this way.
The universality of the gravitational wave signal during the merger was analysed in Ref. [1] , where it was pointed out that binaries largely circularize after about 9 orbits when starting with eccentricities below about 0.4. The first comparison between numerical evolutions of eccentric binaries with post-Newtonian predictions was presented in [52] .
Our focus in this work is on the high-eccentricity region of the parameter space, which always leads to merger. In particular, the near-head-on limit of our study is of interest as a first step to compute the energy loss and production cross-section of mini-black holes in TeV-scale gravity scenarios (possibly at the upcoming LHC [53] ), and transPlanckian scattering in general [54, 55] . Present semi-analytical techniques (including a trapped surface search in the union of Aichelburg-Sexl shock waves, close-limit approximation calculations and perturbation theory) only give rough estimates of the emitted energy and production cross-section [56] and do not provide much insight into the details of the process (but see [57] for a first numerical investigation).
Our main finding is that, for all sequences we studied, the motion radically changes character when the black holes' orbital angular momentum L ∼ L crit ≃ 0.8M 2 , turning from an eccentric inspiral into a plunge. In particular, for L L crit we observe that:
• The number of orbits N waves (as estimated using the gravitational wave cycles) or N punc (as computed from the punctures' trajectories) becomes less than one, so the motion effectively turns into a plunge (see Table I and Fig. 4 below) ;
• The energy emission starts decreasing exponentially (Fig. 7) ;
• PN-based eccentricity estimates yield meaningless results (Table I) ;
• The polarization becomes linear rather than circular (Fig. 6 );
• The final angular momentum starts decreasing, rather than increasing, as P and L decrease (Fig. 8 ).
Binary mergers with L ≃ L crit are those producing the largest Kerr parameter for the final black hole observed in our simulations, j fin ≃ 0.724. One is led to suspect that for maximally spinning holes having spins aligned with the orbital angular momentum, a large orbital eccentricity may lead to violations of the cosmic censorship conjecture. Using arguments based on the extrapolation of point-particle results (see also [2] ), we conjecture that (1) the maximal Kerr parameter that can be obtained by any merger of non-spinning holes is not much larger than j ≃ 0.724, and (2) cosmic censorship will not be violated as a result of any merger, even in the presence of orbital eccentricity. Further numerical simulations are needed to confirm or disprove these conjectures.
The paper is organized as follows. We begin in Sec. II discussing to what extent the Newtonian concept of eccentricity can be generalized to characterize orbiting binaries in general relativity. For this purpose, we introduce and compare various PN estimates of the orbital eccentricity, and we show that these eccentricity estimates break down when the motion turns from inspiral to plunge. Sec. III is a brief introduction to the numerical code used for the simulations. After a discussion of the choice of initial data and of the code's accuracy, we show how reducing the orbital angular momentum affects the gravitational waveforms, the puncture trajectories and the polarization of the waves. In Sec. IV we study the multipolar energy distribution of the radiation and the angular momentum of the final Kerr black hole. In Sec. V we show that the salient features of our simulations can be understood using extrapolations of point-particle results. Sec. VI is devoted to fits of the ringdown waveform and to estimates of the energy radiated in ringdown waves. We conclude by considering possible future extensions of our investigation.
II. POST-NEWTONIAN ESTIMATES OF THE ECCENTRICITY
In Newtonian dynamics, the shape of a binary's orbital configuration is determined by two parameters, the semimajor axis and the eccentricity. These parameters are intimately tied to the binding energy and orbital angular momentum of the binary and our construction of sequences of binaries with increasing eccentricity is based on this Newtonian intuition. Specifically, we fix the binding energy of the system, progressively reduce the orbital angular momentum and thus produce a sequence of orbits of increasing eccentricity. Before doing so, however, we need to address a conceptual difficulty, namely, how to quantify eccentricity in general relativity.
It turns out, unfortunately, that there exists no unique, unambiguous definition of eccentricity in fully non-linear general relativity. For this reason, in the following we will use PN arguments to quantify the initial eccentricity (or rather, eccentricities) of the simulations. We will consider in detail two different generalizations of the Newtonian eccentricity: the 3PN extension [58] of a quasi-Keplerian parametrization originally proposed by Damour and Deruelle [59] , and a definition in terms of observable quantities recently introduced by Mora and Will [60] . 
A. Quasi-Keplerian parametrization
A quasi-Keplerian parametrization of eccentric orbits of objects with mass M 1 and M 2 has been derived at 1PN order in harmonic coordinates by Damour and Deruelle [59] , extended to 2PN order in ADM coordinates by Damour, Schäfer and Wex [61, 62] and completed to 3PN order by Memmesheimer et al. [58] . This 3PN parametrization gives the relative separation vector r = (r sin φ, r cos φ, 0) of the compact objects and the mean anomaly l as
where u is the eccentric anomaly, v = 2 arctan{[(1 + e φ )/(1 − e φ )] 1/2 tan(u/2)} and T is the orbital period. The key element in the parametrization, that makes it useful for comparisons with numerical results, is that the auxiliary functions a r , e r , Φ, f 4φ , f 6φ , g 4φ , g 6φ , i 6φ , h 6φ , n = 2π/T , e t , g 4t , g 6t , f 4t , f 6t , i 6t , h 6t and e φ can be expressed exclusively in terms of the binding energy E b , the total angular momentum L and the symmetric mass ratio η of the binary system. The complete expressions in terms of the dimensionless quantities E ≡ E b /µ and h ≡ L/(µM ) are listed in Eqs. (20) and Eqs. (25) of [58] for ADM-type and harmonic coordinates, respectively. Here
are the total and reduced mass of the system, respectively.
A comparison with the Newtonian accurate Keplerian parametrization
illustrates that the concept of eccentricity is much more complex in general relativity and a single number, such as the Newtonian eccentricity e, no longer suffices to parametrize the shape of the orbit. Nevertheless, the similarity of the Newtonian and 3PN expressions suggest that the numbers e t , e r and e φ represent some measure of the deviation of the binary's orbit from quasi-circularity. This becomes particularly clear if we plot these quantities as functions of the orbital angular momentum L/M 2 for fixed binding energy E b /M and mass ratio η. The result obtained for our sequence 1 models is shown in the left panel of Fig. 1 . Several features of this plot are noteworthy. First, all eccentricity parameters diverge in the limit of a head-on collision. This is an artifact of the appearance of 1/(−2Eh
2 ) terms in the PN expressions for e t , e r and e φ in Eqs. (20) and (25) of Ref. [58] . We note that the limit L → 0 also plays a special role in the Newtonian case. The usual distinction between the range 0 ≤ e < 1, corresponding to bound elliptic orbits, and e ≥ 1, corresponding to unbound parabolic or hyperbolic trajectories, no longer applies in the case of vanishing angular momenta. Since in Newtonian theory
where f (M 1 , M 2 ) is a function of the masses, in the head-on limit we would formally have e = 1, irrespective of the sign of the binding energy. Indeed such trajectories only have one degree of freedom, the energy, and the concept of eccentricity no longer applies. In this sense, it is not surprising that the PN formalism fails to provide meaningful values for e t , e r and e φ in the head-on limit.
The second observation to be made is the steep gradient of all eccentricity parameters close to the circular limit of vanishing e t , e r and e φ . The strong sensitivity of these parameters to the orbital angular momentum L results in finite values of the three eccentricities (of about 0.1) even when using quasi-circular parameters, as obtained from Eq. (65) of Ref. [16] . Similarly, we observe that e t , e r and e φ do not vanish for the same values of L (see the inset in the left panel of Fig. 1) . Instead, the values of e t and e r corresponding to the orbital angular momentum where e φ vanishes are of the order of 0.1. A similar uncertainty results from comparing the PN values obtained in harmonic and Arnowitt-Deser-Misner-Transverse-Traceless (ADMTT) coordinates (cf. the results in the two gauges in the left panel). We thus take 0.1 as an approximate lower limit for these eccentricity parameters obtainable for such relatively large binding energies using the 3PN Keplerian parametrization. This is also approximately the value of e t , e r and e φ obtained for the quasi-circular configurations of Table I .
A third noteworthy feature of the "quasi-Keplerian" PN parametrization (2.1) is its breakdown for close, nearmerger binary orbits. For example, if we tried to compute e r and e φ for the "almost circular" parameters we use in this paper (as listed in Table I ) they would turn out to be imaginary when, roughly speaking, P/M 0.10 (or L/M 2 0.83). This is easy to understand by looking at the inset of the left panel of Fig. 1 . There we see that these eccentricities have a zero crossing for values of L/M 2 which are smaller than those specified in our quasi-circular simulations: in both ADMTT and harmonic coordinates, for the specified value of the binding energy e r goes to zero when L/M 2 ≃ 0.84, and e φ goes to zero when L/M 2 ≃ 0.83. For L/M 2 larger than this "critical" value e 2 r and e 2 φ become negative, so that e r and e φ are imaginary. In the case of sequences 2 and 3, we observe the same behaviour. This is just a sign that we should not trust the PN approximation for these highly relativistic configurations, so our eccentricity estimates should be taken with a grain of salt. An eccentricity plot using the binding energy of sequence 2 or 3 would look almost indistinguishable from the plot for sequence 1, as shown in the left panel of Fig. 1 , so we decided not to display them here. Instead, in the right panel of Fig. 1 we show the eccentricities computed for a much smaller binding energy, E b /M = −0.001. This binding energy corresponds to a binary with much larger separation and smaller orbital velocity, that should be described with much higher accuracy by the quasi-Keplerian PN parametrization. In fact, in the Newtonian limit the three eccentricities should agree with each other, reducing to the Newtonian definition at large separations. For example, to leading PN order e t and e φ are related by
where T is the orbital period (see eg. [63] ). The relation between the different eccentricities at higher PN orders can be found in Eq. (21) of Ref. [58] . From the right panel of Fig. 1 we see that the three eccentricity parameters do agree much better, as expected, when the binary members are far apart, and that differences resulting from the use of harmonic or ADMTT coordinates become negligible. We still see the breakdown of the formalism in the head-on limit. However, now all six curves are much closer to the expected Newtonian behavior, with vanishing eccentricity in the circular limit (where L approaches the maximum allowed value) and e ≈ 1 for smaller angular momenta. Unfortunately, it is currently prohibitively costly from a computational point of view to start numerical simulations from such low binding energies. For this reason, in this paper we focus on the merger and ringdown signals resulting from eccentric binaries, rather than on detailed comparisons with PN predictions for the emission of GWs during the inspiral.
B. Mora-Will parametrization
An alternative estimate of the binary's initial eccentricity can be obtained using the PN diagnostic formalism developed by Mora and Will ([60] , henceforth MW). Instead of imposing a quasi-Keplerian parametrization with different eccentricities for t, r and φ, MW define a single eccentricity parameter e MW and a PN expansion parameter ζ as follows:
Here Ω p and Ω a are the orbital angular frequencies when the binary passes through a local maximum (pericenter) and through the next local minimum (apocenter), respectively. The MW eccentricity parameter e MW has several advantages: it is defined in terms of observable quantities, it reduces to its Newtonian counterpart for small orbital frequencies, and it is gauge invariant through first PN order. The binding energy and angular momentum of the system can be expressed as functions of e MW and ζ. The relevant equations for black hole binaries are given by Eqs. (2) and (3) in [64] . In Ref. [65] these same PN equations have been used to study truly eccentric black hole binary initial data, and to point out some interesting features of the resulting effective potentials.
The PN expansion parameter ζ is related to the frequencies at periastron and apoastron by
To estimate the eccentricity, we can assume that the binary's orbit is (say) at apoastron, so that Ω = Ω a . Then the binding energy and angular momentum can be expressed as functions of e MW and M Ω. We can equate these functions to the binding energies and angular momenta listed in Table I :
If our assumption is correct, and the orbit is indeed at apoastron, this system will have a solution (e MW , M Ω) with eccentricity e MW > 0. It should be obvious from Eq. (2.6) that a solution with e MW < 0 would simply correspond to the binary being at periastron. In Ref. [64] it was shown that, when comparing numerically computed quasiequilibrium binary black hole initial data against the MW PN diagnostic predictions for a given orbital frequency M Ω, energies are usually in better agreement than angular momenta. Unfortunately, our initial data sets specify the orbital angular momentum and the binding energy, but not the orbital frequency. Therefore, to estimate the binary's eccentricity we adopt two different procedures. The first procedure is based on numerically solving the system (2.7) for the two unknowns (e MW , M Ω), which are both considered as free parameters. This procedure is quite general. However it can involve a significant amount of systematic error, since the angular momentum can deviate by a large amount from numerical initial data even for small eccentricities and/or large separations, and we are trying to solve for both energy and angular momentum simultaneously.
The second procedure is based on an assumption of quasi-circularity, and it consists of two steps. We first assume that e MW = 0 and solve Eq. (2.7a) for M Ω. For sequence 1, the orbital frequency obtained by imposing E MW b (e MW = 0, M Ω) = E b is M Ω = 0.0513; for sequence 2, we find M Ω = 0.0431; for sequence 3, we find M Ω = 0.0212. Then we substitute this value of M Ω in Eq. (2.7b) and solve for the eccentricity. We call this solution e MW,circ , because it is obtained assuming that the energy function is very close to the circular prediction, and that deviations of the eccentricity from zero only affect the angular momentum. Table I lists the eccentricities e t obtained using the definition by Memmesheimer et al. and the two eccentricities estimated from the MW diagnostic. Dashed entries mean that no solutions to the system (2.7) exist for physically relevant values of the parameters. The MW eccentricity estimate e MW is consistent with the quasi-Keplerian parameter e t : in fact, the two definitions are roughly in agreement, within factors of order unity. It is also encouraging that the minima of e t and e MW correspond to the same simulations along each sequence: these variables seem to provide a reasonably accurate measure of deviations from circularity, even for binaries which are very close to merger. The second procedure (by construction) should become inconsistent for large eccentricities, but e MW,circ is much closer to the eccentricity estimates (∼ 0.01) obtained in [64] , and measured in longer quasi-circular inspiral simulations by different groups [23, 66, 67, 68] .
In the following we will use (somewhat arbitrarily) the parameter e t obtained in harmonic coordinates as a measure of deviations from circularity of the initial binary configuration. We should still bear in mind that this parameter deviates significantly from the eccentricity e of a Keplerian ellipse, in particular for small angular momenta.
III. NUMERICAL SIMULATIONS
The simulations presented in this work have been performed with the Lean code [14] , which is based on the Cactus computational toolkit [69] . The code employs the so-called moving-puncture method, i.e. it evolves initial data of puncture type [70] using the Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formulation of the Einstein equations and gauge conditions which allow the black holes to move across the computational domain. In contrast to the original version of the BSSN system, where the conformal factor ψ is evolved in the form of the logarithmic variable φ = ln ψ, we here evolve the variable χ = e −4φ , as originally introduced in Ref. [9] . These equations are numerically approximated using fourth-order spatial discretization for sequences 1 and 2, and sixth-order spatial discretization [71] for sequence 3. Integration in time is performed with the method of lines using the fourth order accurate RungeKutta (RK) scheme. Using the notation of Table 1 in Ref. [14] , this corresponds to schemes labelled RKχ 4 and RKχ 6 , respectively. We note, however, that neither version of the code is genuinely fourth or sixth order accurate, as second order ingredients are used at the refinement and outer boundaries (see [14] for details).
The Lean code facilitates use of mesh-refinement via the Carpet package [72, 73] . Specifically, the computational grid is represented by a nested set of Cartesian boxes with resolution successively increasing by factors of two. The innermost refinement levels are typically split into two components centered around either hole and following the black hole motion. Once the black hole separation decreases below a threshold value, the two components merge into one centered around the origin. A more detailed description of the Lean code is given in Ref. [14] .
GWs are extracted using the Newman-Penrose formalism. The Newman-Penrose scalar Ψ 4 is calculated using the electromagnetic decomposition of the Weyl tensor, and decomposed into contributions of different multipoles using spherical harmonics −2 Y ℓm of spin-weight −2 according to
For all simulations presented in this work we extract GWs at different extraction radii r ex . We use the results obtained at different radii to estimate the uncertainty arising from the use of a finite extraction radius. The calculation of apparent horizons is performed using Thornburg's AHFinderDirect [74, 75] and plays an important role in the construction of initial data sequences.
We use initial data of puncture type as provided by Ansorg's TwoPuncture thorn [76] in all simulations. For zero spins, an initial data set is uniquely determined by the bare mass parameters m 1 and m 2 of the holes, their initial coordinate separation D and the Bowen-York [77] parameters P 1 and P 2 for the black holes' linear momenta. Without loss of generality we always set P ≡ P 1 = −P 2 . The initial orbital angular momentum is then given by L = D × P. Because the black holes are initially located on the x-axis and orbit in the xy-plane, the initial angular momentum is given by its z-component, which we can write as L = L z = DP (where P = P y ).
We conclude this brief description of the numerical code with a summary of the variables used in the remainder of this work. We denote by M 1 and M 2 the initial black hole masses. The total mass is the sum of the individual masses, M ≡ M 1 + M 2 , and the reduced mass is µ ≡ M 1 M 2 /M . We measure the mass ratio using either q = M 1 /M 2 or the "symmetric mass ratio" parameter η = µ/M often used in PN studies. Finally, we denote the Arnowitt-DeserMisner (ADM) mass by M ADM , which is close to (but in general different from) the total black hole mass M . The normalization of dimensional quantities is performed as follows. Initial parameters are normalized using the total black hole mass M for compatibility with the PN relations. In contrast, we measure radiated energy and momenta (as well as time t and radii r) in units of the ADM mass, as is common in numerical studies. All normalizations will be clear from the use of M or M ADM in column or axis labels; the relation between the two normalizations can be worked out from Eq. (3.2) below and from the binding energies of the two sequences we consider, which are given in the caption of Table I .
A. Sequence of initial data
The construction of a sequence of non-spinning, equal-mass binary initial configurations with constant binding energy is a two-step process. First, we determine a quasi-circular configuration using the 3PN accurate relation (65) of Ref. [16] , which provides the initial linear momentum P/M for given black hole masses M 1 and M 2 and separation D/M . Without loss of generality we fix the scaling freedom of the numerical coordinates by setting M 1 = M 2 = 0.5. For fixed values of P and D, there thus remains the task of finding bare mass parameters m 1 = m 2 which result in black-hole masses of M 1 = M 2 = 0.5. This is done iteratively by using the Newton-Raphson method with initial guesses m i = M i . In the absence of spins, the black-hole masses are given by the irreducible masses, as calculated by the apparent horizon finder AHFinderDirect. For the quasi-circular model we calculate the binding energy = −0.008861. The bottom line lists parameters for a model which serves for estimating the uncertainties of the long simulations of sequence 3 (see Sec. III B) and has merely been included for completeness. ∆tCAH is the time of formation of a common apparent horizon as measured from the radiation peak, shifted by the extraction radius: ∆tCAH = tCAH + rex − t peak . For sequence 3, we have not calculated apparent horizons and we estimate this quantity to be ∆tCAH = −16 MADM. Nwaves and Npunc are the number of orbits obtained from the phase of the (ℓ = 2 , m = 2) multipole and the puncture's orbital motion, respectively. The last four columns list various PN estimates of the eccentricity (see Sec. II for a discussion). according to
The second step consists in the construction of additional configurations with the same binding energy but different linear momentum parameter P and, thus, different orbital angular momentum L = DP . For this purpose we fix P and demand, as before, M 1 = M 2 = 0.5. We then iteratively solve for the numerical parameters m 1 = m 2 and D which yield the required black hole masses and binding energy.
Three sequences obtained this way with E b /M = −0.014465, −0.013229 and −0.008861 are listed in Table I . In the following we will refer to them as "sequence 1", "sequence 2" and "sequence 3", respectively. The corresponding quasi-circular configurations are those with linear momentum P/M = 0.1383, 0.1247 and 0.0850.
It is worth mentioning, in this context, that our choice of fixing the binding energy is not unique. Alternative choices in constructing sequences include keeping constant the coordinate separations of the punctures, or the proper horizonto-horizon distance. We have opted against these two options because they would result in very short merger times for small angular momenta. At constant binding energy, instead, smaller values of the orbital angular momentum imply larger separations of the holes and, thus, a delay in the formation of the common apparent horizon.
B. Accuracy of the simulations
In order to estimate the uncertainties associated with the numerically calculated quantities of sequences 1 and 2, we have performed a convergence analysis for the quasi-circular configuration with P/M = 0.1247 of sequence 2, and for the eccentric configuration with P/M = 0.08 of sequence 1. We have evolved these systems using the following grid setup: { (192, 96, 56, 24, 12) × (3, 1.5, 0.75 
Fourth-order convergence is shown in Fig. 2 for the (ℓ = 2, m = 2) multipole of the Newman-Penrose scalar Ψ 4 , the total radiated energy E and the radiated angular momentum in the z-direction J rad .
Using the fourth order convergence, we apply a Richardson extrapolation to the total radiated energy and obtain E/M ADM = 0.03686, 0.03668 and 0.03656 respectively at extraction radii r ex /M ADM = 50.7, 60.8 and 70.9. These values correspond very well to a 1/r ex fall-off of the uncertainty arising from the use of finite extraction radii. The total radiated energy extrapolated to r ex → ∞ is E/M ADM = 0.03583. For the medium resolution case (h = h 2 = 1/44) and using an extraction radius r ex /M ADM = 70.9, this analysis predicts an uncertainty ∼ 2% due to the discretization and ∼ 2.5% due to the use of finite extraction radius. The uncertainties in the radiated angular momentum J rad are ∼ 2% for both error sources. The convergence study of the eccentric simulation with P/M = 0.08 of sequence 1 yields similar error estimates. We estimate the resulting total error from quadratic error propagation to be about 3%. In fact, this estimate is likely to be very conservative because the two error sources have opposite signs: finite resolution tends to underestimate radiated energy and momenta, while finite extraction radius usually leads to an overestimate.
Performing a convergence analysis of simulations lasting as long as those of sequence 3 requires vast computational resources. In order to reduce the cost, we view these simulations as part of a wider parameter study, to be presented elsewhere, which also involves unequal-mass binaries. In order to assess the accuracy of those long simulations, we have focussed on a quasi-circular configuration with q = 2 which is listed as the last entry in Table I . From experience, we consider unequal-mass binaries significantly more challenging numerically than systems with equal mass, and therefore feel justified in using the uncertainties resulting from this model as conservative error estimates of our sequence 3 runs. We have evolved this configuration using a grid {(384, 192, 128, 48, 24) × (6, 3, 1.5, 0.75), h i } with h i = 1/44, 1/48 and 1/56. The bottom panels of Fig. 2 show the convergence of the phase and amplitude of Ψ 4 (bottom right panel) and the radiated energy and angular momentum (bottom left panel). The difference between the higher resolution runs has been rescaled for second order convergence. We observe second order convergence for these runs except for the late stages near merger, when the convergence increases to third order. Similar glitches in the convergence near merger have been observed in [22] . Using the same technique as above, we obtain uncertainties of about 3 % for the radiated energy and 6 % for the radiated angular momentum for the simulations using h 2 = 1/48 and r ex = 80.7 M ADM .
Because most simulations have been performed at the medium resolution only, we cannot in general apply Richardson extrapolation. Unless specified otherwise we therefore present results as obtained numerically using h = 1/44 and r ex /M ADM = 70.9 for sequences 1 and 2, as well as h = 1/48 and r ex = 120 M for sequence 3, bearing in mind the uncertainties we have just mentioned.
We conclude this discussion by mentioning that the Lean code has been demonstrated to accurately evolve black holes with large spins in Ref. [78] . Specifically, methods to calculate the spin from quasinormal ringing, balance arguments and apparent horizon data were shown to result in excellent agreement for Kerr parameters above 0.9.
C. Numerical waveforms
In Ref. [24] we studied the multipolar energy distribution of unequal-mass black hole binaries in quasi-circular orbits. By projecting 2.5PN calculations of the inspiral gravitational waveforms onto spin-weighted spherical harmonics −2 Y ℓm , we concluded that odd-m multipoles of the radiation are suppressed for equal-mass binaries. Low-ℓ multipoles carry most of the radiation, and within a given l-multiplet, modes with ℓ = m are typically dominant for quasi-circular motion. This analytical prediction was shown to agree very well with numerical simulations, and it has recently been confirmed by more accurate PN calculations [79] . Since in this paper we study equal-mass runs, we expect even-m, In both cases, the differences between the higher resolution simulations have been rescaled by Q4 for the expected fourth order convergence. Middle panels: same, but for the P/M = 0.08, eccentric model of sequence 1. Lower panels: same, but for the unequal mass model listed at the bottom of Table  I . For clarity, we present the convergence of Ψ4 using phase and amplitude instead of the real part. For this configuration, we observe second order convergence. The corresponding convergence factors for the resolutions used here, are Q4 = 1.58 and Q2 = 0.72.
low-ℓ multipoles to be dominant, at least when the eccentricity is small enough. This expectation is again confirmed by our numerical time-evolutions. To be more quantitative, in Fig. 3 we show the modulus of the real part of the (ℓ = 2, m = 2), (ℓ = 2, m = 0) and (ℓ = 4, m = 4) components of the Weyl scalar for some representative runs. From these plots it is clear that the (ℓ = 2, m = 0) component contributes significantly for P/M 0.05. That the (ℓ = 2, m = 0) component should be significantly excited in the head-on limit P/M → 0 is known from previous numerical simulations: in fact, the m = 0 mode would by far be dominant if we had chosen the collision to happen along the z-axis (see eg. [80, 81] that in this paper GWs have always been extracted assuming that the z-axis is perpendicular to the orbital plane. In the case of head-on collisions this is contrary to most previous studies, where to take full advantage of the symmetry of the problem the axis of reference for the angular coordinates is identified with the axis of collision. In consequence, we find the radiated energy of head-on collisions to be quadrupole dominated, but to contain m = ±2 and m = 0 contributions of comparable magnitude rather than almost exclusively an ℓ = 2, m = 0 contribution as is the case for alignment of the two axes. Our choice is entirely motivated by using identical angular coordinates throughout the sequence of models. A detailed analysis of the transformation properties of multipolar components of the radiation under rotations, translations and boosts can be found in Ref. [82] . As P/M increases and we approach quasi-circular motion, the low-amplitude portion of the (ℓ = 2, m = 0) mode decreases in amplitude, and it is significantly contaminated by noise. As expected from our previous study [24] , in the same limit the amplitude of the (ℓ = 4, m = 4) mode grows. Unfortunately, Fig. 3 illustrates that even for (ℓ = 4, m = 4), which is the largest of the subdominant radiation modes, the ringdown signal is strongly distorted by either non-linear effects or boundary reflection noise. For this reason it is difficult to use higher multipoles to improve spin estimates from quasinormal mode (QNM) fittings, as proposed in [24] . This problem will be discussed in more detail in Sec. VI below.
We can obtain an estimate of the number of orbits in our simulations from the puncture trajectories, calculated according to dx i /dt = −β i . For illustration, in Fig. 4 we plot the trajectories of four models of sequence 2 with P/M = 0.02, 0.06, 0.10 and 0.1247. The figure demonstrates the inspiralling nature of the simulations with large initial momentum, whereas those with small momentum rather represent plunging configurations.
We define a phase φ punc of these trajectories by expressing the puncture's position in spherical polar coordinates (x, y) = (r punc cos φ punc , r punc sin φ punc ).
Then we consider the phase difference ∆φ punc = φ punc (t cah ) − φ punc (t 0 ), where t cah is the time of formation of a common apparent horizon and we choose t 0 = 50M ADM to cut off the initial data burst (this is consistent with the derivation of the frequency from the GW signal, discussed below). The number of orbits then follows from N punc = ∆φ punc /(2π).
The gravitational wave signal Ψ 4 also serves to estimate the number of orbits completed by the binary prior to merger. For this purpose we focus on the (ℓ = 2, m = 2) multipole and decompose the mode coefficient into a time-dependent amplitude A(t) and phase φ(t) according to
We next calculate the phase difference
where r ex takes (approximately) into account the time it takes for the waves to propagate to the extraction radius. The number of orbits completed by the binary is then estimated as N waves = ∆φ/(4π), where the additional factor of 2 compensates for the difference between the orbital frequency and that of a multipole with m = 2. Both estimates of the number of orbits, together with the time of formation of the common apparent horizon, are given in Table I . Small differences in these numbers are due to the fact that the approximate relation ω waves = mω punc breaks down near the merger of the holes. This is illustrated in Fig. 5 . There we plot the frequency ω 22 and the phase φ 22 obtained from ψ 22 , comparing with the frequency mω punc and phase φ punc obtained from the puncture trajectory (see [24] for details). Estimates from the punctures' motion are physically irrelevant after formation of the apparent horizon. The upper panels refer to different models from sequence 2: a nearly plunging motion with P/M = 0.06 (left) and a quasi-circular orbit with P/M = 0.1247 (right). It is clear from the figure that deviations between ω waves and mω punc grow significantly near merger. The same holds for the two models of sequence 3 shown in the bottom panels.
From Fig. 4 , and from the data for N punc and N waves listed in Table I , we deduce that the simulations with L L crit ≃ 0.08M 2 complete significantly less than one cycle, so they are effectively plunging trajectories. Consistently with this interpretation, we have see in Sec. II below that PN estimates of the eccentricity of the orbit fail for these plunging configurations.
D. Polarization
In Appendix D of [24] we proposed to measure the polarization of a waveform using an "elliptical component of polarization" P E . This quantity has the property that P E = 1 for circular polarization, and P E = 0 for linear polarization. By looking at the dominant (ℓ = 2, m = 2) component of the radiation we also showed that, with the exception of the (unphysical) initial data burst and of the final part of the signal, which is dominated by noise, the polarization of a binary moving in a quasi-circular orbit is circular to a very good approximation.
In Fig. 6 , to be compared with obtained from our sequence 2. In the bottom panel of each plot we compute the elliptical component of polarization.
The results clearly illustrate that the polarization is linear in the head-on limit, where the imaginary component of the radiation vanishes, and that P E → 1 as the orbit becomes circular. It is also worth noticing that the ringdown part of the signal is circularly polarized even when P E is slightly less than one in the inspiral part (see eg. the plot for P/M = 0.02).
IV. RADIATED ENERGY AND FINAL ANGULAR MOMENTUM
In this section we study the multipolar energy distribution and the final angular momentum for the three sequences of simulations listed in Table I .
The multipolar distribution of radiated energy for sequence 1 is shown in the upper left panel of Fig. 7 . We have excluded radiation due to the initial burst by ignoring contributions at simulation times t < 50 M + r ex . The results demonstrate a relatively weak dependence of the radiated energy in each multipole on initial linear momenta P/M 0.08, corresponding to an angular momentum of L/M 2 ∼ 0.8. For smaller linear (or angular) momenta, we observe that: (1) the total radiated energy decreases almost exponentially, (2) the relative contribution of multipoles with ℓ > 2 becomes weaker, and (3) the contribution of the (ℓ = 2, m = 0) mode increases to approximately the same level as the (ℓ = 2, m = ±2) modes. All of these features are quite insensitive to the inclusion of the spurious initial wave burst: only the (ℓ = 2, m = 0) mode is significantly contaminated by the initial radiation when P/M 0.08. The same observations also apply to the models of sequence 2, shown in the right panel of Fig. 7 . Here the transition seems to occur at a linear momentum slightly below P/M = 0.08. From Table I we see that this again corresponds to an angular momentum of L/M 2 ≈ 0.8. Similarly, the transition occurs just below P = 0.04 in the case of sequence 3, which again corresponds to an orbital angular For L = 0 the imaginary part of the waveform is zero within the noise level (i.e., the cross component is zero for symmetry reasons). As L increases, the polarization becomes circular. Spikes in PE at early times are due to the inital data burst, and spikes at late times are due to boundary reflection noise and low strength of the signal.
momentum L/M 2 ≈ 0.8. A fit of sequence 1 runs by a polynomial in L/M 2 yields
A similar behavior is found for the angular momentum of the final black hole, shown in Fig. 8 . We have calculated the final spin from balance arguments: the final black hole mass M fin is obtained by subtracting the total radiated energy from the initial ADM mass, and the final black hole angular momentum J fin is similarly given by the initial orbital angular momentum minus the momentum radiated in GWs. The figure shows the dimensionless Kerr parameter j fin = J fin /M 2 fin . Again, small increases in eccentricity only lead to a mild increase in the final spin. The Kerr parameter has a local maximum, and then it decreases rapidly for L/M 2 0.8. The results for the three sequences show remarkably good agreement below L/M 2 0.8 and merely differ at large angular momenta, as initial configurations with such large L only exist when choosing sufficiently large separations. By experimenting with sequence 1 runs, we found the following, reasonably accurate three-parameter polynomial fit:
The large exponent in the final term is an artifact of the phenomenological nature of the fit and yields optimal agreement with the data. We found that the following alternative fitting functions, with two unknowns, also perform very well, yielding E rad /M ADM = 3.18 × 10 
FIG. 7:
Multipolar energy distribution as a function of the initial momentum P for sequence 1 (upper left), sequence 2 (upper right) and sequence 3 (lower). E ℓ denotes the energy radiated in all multipoles with indices ℓ and m = −ℓ, ..., ℓ. We remove the initial data burst by ignoring all data with t < rext + 50M .
justification for this extrapolation, and yet the point-particle threshold L/M 2 = 0.866 is remarkably close to the observed transition range of L/M 2 ≈ 0.8. The agreement gets even better if, in the spirit of Ref. [2] , we use a slightly improved perturbative model, considering particle orbits around a Kerr black hole with spin given by the final Kerr parameter of our simulations (see Sec. V and Appendix A for details). For eccentric inspirals, the minimum allowed angular momentum should be attained at the so-called separatrix corresponding to the maximal allowed eccentricity, e p = 1, where e p is the eccentricity defined in Eq. (A6) for point particle geodesics. The orbital angular momentum at the separatrix is also a function of the final black hole's spin, L sep (j fin , e p ), and it is defined below in Eq. (5.1). An explicit calculation yields striking agreement with numerical simulations: L sep (j fin = 0.69, e p = 1) = 0.778M 2 when we consider the final spin j fin = 0.69 produced by a quasi-circular inspiral, and L sep (j fin = 0.724, e p = 1) = 0.763M 2 when the final hole has the largest spin observed in our simulations.
Our interpretation of this similarity is that simulations with L/M 2 0.8 can no longer be viewed as eccentric orbiting black-hole binaries, but rather represent plunging configurations or grazing collisions. The change in character of the energy distribution visible in Fig. 7 when L/M 2 ≈ 0.8 thus demonstrates the transition from orbiting to plunging binary systems.
Our simulations starting at different initial separation show some degree of universality in this transition. This can be understood in terms of the relatively low amount of angular momentum the binaries emit in the earlier stages of the inspiral (or plunge). In fact, consider some arbitrary configuration of sequence 3 with binding energy E (3) b /M = −0.008861. As the binary evolves, it emits gravitational radiation and the binding energy decreases.
Of particular interest for our argument is the moment in time when the binding energy decreases to the value E (2) b /M = −0.013229 corresponding to sequence 2. In order to estimate this time, we consider the radiated energy ∆E rad (t) measured at r ex , integrated up to time t. The transition time t 32 from sequence 3 to sequence 2 is then approximated by the relation
We next calculate the total amount of angular momentum ∆J rad /M 2 ADM (t 32 +r ex ) radiated away by the system during its transition from sequence 3 to sequence 2. The same procedure is applied for the transition from sequence 2 to 1. Results are shown in Table II .
By comparison with the initial orbital angular momentum L/M 2 listed in the third column of Table I we see that all binary models starting with orbital angular momentum near the critical value L/M 2 ≃ 0.8 radiate only a few per cent of their angular momentum until they reach a more strongly bound state. This explains the approximate universality of models belonging to different sequences, but having the same initial orbital angular momentum.
V. PERTURBATIVE ESTIMATES OF THE FINAL ANGULAR MOMENTUM OF ECCENTRIC BINARY BLACK HOLE COALESCENCE
A simple, surprisingly successful model to compute the spin of the final black hole for binaries in quasicircular orbits has recently been proposed by Buonanno, Kidder and Lehner [2] . Here we discuss extensions of that model to eccentric binaries. The model introduced in Ref. [2] is based on three main assumptions: (i) the gravitational energy radiated after the formation of a common apparent horizon is a second order quantity, and has a small effect on the spin of the final hole; (ii) the magnitude of the individual spins remains constant during the inspiral, and (iii) most of the angular momentum is radiated during the long inspiral stage until the system reaches the innermost stable circular orbit (ISCO). A crucial final ingredient of the model is to estimate the contribution of the orbital angular momentum to the final spin by associating it with the orbital angular momentum of a point particle orbiting a Kerr black hole with spin parameter j fin corresponding to the final hole.
The generalization of this model to eccentric orbits is straightforward, if one identifies the ISCO with the separatrix, or innermost stable bound orbit [83, 84] (see Appendix A for details). Following [2] , in the general case of eccentric TABLE II: The transition times t32 (t21) it takes a sequence 3 (2) model to radiate an amount of gravitational wave energy corresponding to the difference in binding energy from sequence 2 (1). The amount of angular momentum ∆J rad /M 2 ADM for models near the critical orbital angular momentum Lcrit radiated up to this time is small compared with the initial orbital angular momentum L/M 2 listed in Table I . orbits we write the (approximate) conservation equation
where a i is the Kerr parameter of each hole, the eccentricity e p for point particle geodesics is defined in Eq. (A6) and L sep (j fin , e p ) is the orbital angular momentum at the separatrix, computed within a point-particle framework.
A prescription for the computation of this quantity is given in Appendix A. Note that e p is defined in terms of coordinate positions of the particle, and therefore there is no direct physical relation between e p and the eccentricity quantifiers discussed above. Assuming without loss of generality that M 1 ≥ M 2 , we can rewrite Eq. (5.1) as
where j i = a i /M i and η, as usual, denotes the symmetric mass ratio. We will focus on the special case where the initial spins have equal magnitude, j 1 = j 2 . In Fig. 9 (left panel) we show the predicted spin of the final hole as a function of the symmetric mass ratio η when both initial spins are aligned with the orbital angular momentum. The effect of eccentricity is always mild, and for all values of the initial spin magnitude, eccentricity tends to increase the spin of the final hole.
Ref. [2] also predicted that, for circular orbits, the final spin of the remnant should increase as the mass ratio q → 1 (i.e., as η → 1/4) for j i j crit , while it should decrease as q → 1 if j i j crit . They estimated j crit ≃ 0.948. At the critical value, any merger will leave the final spin essentially unchanged, irrespective of the mass ratio q. This expectation is confirmed by our calculations (see the inset of the left panel of Fig. 9 ). However, since a non-zero eccentricity always tends to increase the final spin, j crit grows with eccentricity. Table III shows the critical value of the initial Kerr parameter j crit i = j 1 = j 2 as a function of the eccentricity (as defined perturbatively). For large eccentricities e p ∼ 1 the critical Kerr parameter is very close to the maximum possible value, j crit i ∼ 1: in other words, for large eccentricities the final spin should always increase as we approach the equal-mass limit. Therefore we conjecture that the maximum spin j fin ≃ 0.724 that we found in our sequence of equal-mass merger simulations should be an absolute upper limit on the spin that can be achieved as the end-product of non-spinning black hole mergers: unequal-mass mergers should always produce smaller final spins. Left panel: predicted angular momentum by point-particle extrapolation of results from perturbation theory. Solid, dashed and dash-dotted lines assume a point-particle eccentricity ep = 0, 0.5 and 0.9, respectively (see Appendix A for a definition of this eccentricity parameter, not to be confused with the Newtonian eccentricity). Numbers next to each set of lines denote different values of ji = j1 = j2, and the initial spin on each hole is assumed to be aligned with the orbital angular momentum. Right panel: we assume the initial spin on each hole to be antialigned with the orbital angular momentum (ji = j1 = j2 < 0). For various eccentricities (as indicated in the legend) we show the functional dependence between mass ratio and ji needed to produce a final non-spinning hole.
An interesting question explored in [2] concerns spin-flip configurations. Suppose that initially both black holes have equal Kerr parameters j i = j 1 = j 2 , and spins antialigned with respect to the orbital angular momentum. What is the value of the symmetric mass ratio η for which the inspiral produces a Schwarzschild black hole, as a function of j i ? As argued in [2] these "critical" configurations could be particularly interesting, since mild variations of the parameters around the critical values may produce interesting orbital dynamics (eg. spin flips) and complex gravitational waveforms.
The critical curve predicted by the model has been shown to yield good agreement with numerical simulations, especially for spins aligned with the orbital angular momentum [85, 86] . In particular, our study [86] obtains for a mass ratio q = 4 and initial dimensionless Kerr parameters of the individual holes j i = −0.75, −0.8 and −0.85 a final Kerr parameter j fin = 0.0533, 0.0237 and −0.0038, respectively, thus bracketing the formation of a Schwarzschild hole. For comparison, for zero eccentricity Eq. (5.2) yields j i = −0.815083, while the fitting formula in [85] yields j i = −0.823462. Details of this study, together with a multipolar analysis of several spinning configurations, are given in Ref. [86] . As shown in the right panel of Fig. 9 , the effect of eccentricity on the location of these spin-flip configurations is very mild. For a fixed mass-ratio, we predict that the magnitude of the (antialigned) spins required to produce a Schwarzschild black hole as the result of the merger should increase with eccentricity.
Considering the remarkable success of point-particle extrapolations, some words of caution are required. First of all, when we extrapolate results to comparable masses we should not attach any special meaning to the actual values of the point-particle eccentricity, since we do not know how that notion translates into the different PN definitions discussed in Section II. At best, we can only expect that the PN eccentricities are related to the perturbative eccentricity, as implicitly defined in Eq. (A6), by some monotonically increasing functional dependence.
Furthermore, we should not forget that the model proposed in [2] is only an approximation: for example, for a merger of equal-mass, non-spinning holes the model predicts a Kerr parameter j fin = 0.663 for the final hole, to be compared with j fin ≃ 0.691 from our numerical simulations (see also [24] ).
Despite these ambiguities and limitations, the point-particle model can still make remarkable predictions. For example, we can ask the following question: if we consider a non-spinning black hole binary, how much can we increase the Kerr parameter of the final hole by setting the binary in an eccentric orbit? We showed in Fig. 9 that, according to point-particle extrapolations, the final Kerr parameter should increase monotonically with eccentricity. Despite the unclear meaning of the eccentricity parameter, it is reasonable to assume that the maximum increase in the final Kerr parameter for non-spinning binaries should be ∆j max fin = j fin (e p = 1) − j fin (e p = 0) ≃ 0.750 − 0.663 ≃ 0.087. As the motion turns into a plunge, j fin should again decrease. From the results listed in Table I we can read out the "true", general relativistic prediction for the maximal spin increase induced by orbital eccentricity: ∆j Finally, it is interesting to ask if we can use the eccentricity-induced increase of the final Kerr parameter to violate the cosmic censorship conjecture, by producing a final object with j fin > 1. In principle this could be possible: even for zero eccentricity, if we consider maximally spinning black holes (j 1 = j 2 = 1) with spins aligned to the orbital angular momentum, according to the point-particle extrapolation the final spin resulting from an equal-mass merger is j fin = 0.959, which is very close to the Kerr bound [2] . In fact, extrapolation of point-particle results suggests that cosmic censorship will not be violated. From the previous discussion it should be clear that the most "dangerous" situation corresponds to maximal eccentricities (e p = 1). In this case, the extrapolation of point-particle results can be performed analytically. The expression for general initial spins and general mass ratio is too cumbersome to display here. If we consider equal-mass binaries, we get
From this equation we are led to conjecture that Kerr black holes produced as the result of a merger always satisfy the Kerr bound. The bound is only saturated when e p = 1 and j 1 = j 2 = 1. If instead we drop the equal-mass assumption, but we consider j i = j 1 = j 2 (and again e p = 1), we get the following expression for the final spin:
This suggests that in the j i → 1 limit, j fin → 1 for any mass ratio. Early numerical simulations of spinning black hole binary coalescence support our conjecture: quasi-circular black hole binaries with spins aligned to the orbital angular momentum tend to radiate excess angular momentum by undergoing a longer inspiral, or "orbital hang-up," and they never seem to produce naked singularities [78, 85, 87, 88] . It will be interesting to see if this conclusion holds true, as we predict, when the black hole binary is both spinning and highly eccentric.
VI. THE RINGDOWN WAVEFORM
It is well known that frequencies and quality factors of ringdown waveforms encode information about the properties of the Kerr black hole produced as a result of the merger (see [89] and references therein). Here we use the matrix pencil method to estimate time variations in the frequencies and quality factors of the dominant multipole (ℓ = 2, m = 2) as we reduce the orbital angular momentum of the orbit. This and other methods have been discussed at length in Refs. [24, 90] , and we will not repeat that discussion here. An introduction to Prony methods to estimate parameters of complex exponentials in noise, in the context of black hole perturbation theory, can be found in Ref. [90] . To remove boundary reflection noise from our simulations, we use the procedure described in [24] for quasi-circular inspiral simulations. In Fig. 10 we show the time dependence of the estimated (dimensionless) QNM frequency M ω R and of the quality factor Q for the dominant multipolar component (ℓ = m = 2) of the radiation. All quantities are plotted as functions of the starting time for the fit t 0 , as measured from the time t peak corresponding to the maximum in the modulus of the waveform's amplitude |ψ 22 (t peak )|. We see the same features we observed in [24, 90] . After a short transient for t 0 − t peak 10M , frequencies and quality factors become roughly constant, except at very late times, where the ringdown signal is very small and noise contaminates the estimates. Frequency estimates are usually better than quality factor estimates, and temporal variations in both quantities (which are probably induced by noise in the simulations) become more significant for the shorter, plunging configurations with low values of P/M . Table I ).
The quality factor is a dimensionless quantity, and as such it can only depend on the dimensionless Kerr parameter of the final hole: Q = Q(j fin ). The Kerr parameter can then be obtained by inverting this relation. We perform the inversion by interpolating QNM tables [89] . Results are shown in Fig. 11 . There we discard all points for which we get unphysical black hole parameters (eg. points for which the final estimated black hole mass M fin > M ADM ).
Unfortunately, estimates of the final angular momentum become less reliable as L/M 2 → 0. The reason is apparent by looking, for example, at the right panel of Fig. 5 in Ref. [89] . As the spin of the final hole decreases, and in particular for j fin 0.5, relatively large variations in the Kerr parameter produce mild variations in the ℓ = m = 2 quality factor. Conversely, small oscillations in Q produce large variations in j fin . From Fig. 10 we see that noiseinduced variations in Q actually increase for near head-on collisions. Therefore, QNM based estimates of the Kerr parameter are sensibly affected by noise when j fin 0.5. The situation becomes even worse when we consider higher multipoles. However, it is clear from Fig. 11 that QNM estimates are consistent (within the errors, which increase as P/M → 0) with estimates obtained from angular momentum balance arguments.
A. Energy-Maximized Orthogonal Projection
As discussed thoroughly in [24] , there is no unique definition of the ringdown starting time, and correspondingly there is no unique way to define the fraction of energy radiated into ringdown for a given waveform. A useful measure of the ringdown energy is provided by the "Energy Maximized Orthogonal Projection" (EMOP). In [24] the EMOP was shown to yield reasonable estimates of the ringdown radiation from non-spinning, unequal-mass black hole binaries, and therefore we shall perform the same analysis on the present waveforms.
TABLE IV: EMOP data for l = 2. Numbers separated by a comma correspond to the + and × polarizations, respectively. The fraction of the total energy in ringdown is strongly dependent on the eccentricity. We find that, independently of the run, the value of tEMOP for a given polarization is generally at a fixed position relative to the maximum of the waveform's amplitude t peak . We measure this relative difference by ∆tEMOP ≡ t peak − tEMOP. Angular brackets denote an average over the two polarizations. Our results are summarized in Table IV for sequence 1. Results for sequence 2 and 3 are very similar, and we do not show them here. Ref. [24] found that ringdown accounts for about 42% of the total energy emitted in the merger of non-spinning black hole binaries in quasi-circular orbits, i.e., E EMOP /E rad ≃ 42%. In the second column of Table  IV we show the corresponding results for the present simulations. As a general trend, higher eccentricity means that the black holes spend less time orbiting each other before merger. Therefore one expects that the relative ringdown content, as measured by E EMOP /E rad , should increase with eccentricity, since less energy is radiated during the premerger phase. This trend is clearly visible in Table IV . On the other hand, the ringdown starting time t EMOP , as measured from t peak , is insensitive to the eccentricity of the run. This is consistent with the idea that ringdown is associated with the formation of a deformed common apparent horizon, and it should not depend on the details of the process leading to the formation of the horizon. Finally, in the last entry of Table IV we show the fraction of the total ADM mass radiated in ringdown waves. This number is important for estimates of ringdown detectability with both Earth-based GW detectors and LISA [89, 91] . A polynomial fit as a function of the dimensionless orbital angular momentum yields
P/M
where (as in Table IV ) angular brackets denote an average over the two polarizations.
VII. CONCLUSIONS AND OUTLOOK
We have presented a study of the gravitational waveforms produced by sequences of equal-mass, non-spinning black hole binaries. For each sequence, the binding energy of the system is kept constant and the orbital angular momentum is progressively reduced to zero, producing orbits of increasing eccentricity and eventually a head-on collision. We find that the motion transitions from inspiral to plunge when the orbital angular momentum L = L crit ≃ 0.8M . For L < L crit the binary always completes less than ∼ 1 orbit, and PN estimates of the orbital eccentricity are no longer meaningful. As the initial momentum of the holes P/M → 0 the polarization quickly becomes linear, rather than circular, and the radiated energy drops (roughly) exponentially. For equal-mass, non-spinning binaries, orbits with L ≃ L crit produce the largest dimensionless Kerr parameter for the remnant, j fin = J/M 2 ≃ 0.724 ± 0.13 (to be compared with the Kerr parameter j fin ≃ 0.69 resulting from quasi-circular inspirals). These results are quite insensitive to the initial separation of the holes, and they can be understood using extrapolations from black hole perturbation theory. Larger separations, as used in sequence 3, will be necessary to perform accurate comparisons with PN predictions for the evolution of eccentric binaries (see [52] ). Such an analysis is beyond the scope of this work, however, and a corresponding analysis of the sequence 3 data will be presented elsewhere.
For equal masses, we found that eccentric binary mergers with L ≃ L crit maximize the Kerr parameter of the final black hole. Using arguments based on point-particle extrapolations, we proposed two conjectures: (1) j fin ≃ 0.724 ± 0.13 should be close to the largest Kerr parameter that can be produced by any non-spinning black hole binary merger, independently of the binary's mass ratio; and (2) even if we consider maximally spinning holes with spins aligned with the orbital angular momentum, orbital eccentricity should not lead to violations of the cosmic censorship conjecture. It will be interesting to check these conjectures using numerical simulations of eccentric binaries with unequal masses and non-zero spins.
defines the separatrix of bound orbits.
Equations (A7)-(A14) allow one to compute the energy and orbital angular momentum at the separatrix. Strictly speaking, these equations are only valid for point particles. The substitutioñ
should provide a reasonable extrapolation to the general finite mass ratio case.
